We introduce the notion of corestricted free products of a family of profinite groups indexed over an arbitrary profinite space. Using arithmetic results of the second author, this enables us to prove an analogue of Riemann's existence theorem for the decomposition groups of certain infinite sets of primes of a number field.
In the first section we introduce the notion of (not necessarily compact) bundles and their free products. We investigate bundles endowed with an additional action by a pro-c-group G and their corresponding free products, which are proc-G operator groups. In the second section, we define corestricted bundles and corestricted free products. One main goal of this paper is to study the properties of the functor F : Bundles −→ Pro-c-groups which associates to a bundle G over a profinite space T the free pro-c-product * T G. This functor commutes with projective limits on the subcategory of compact bundles. We prove that this remains true for certain corestricted G-operator bundles. Furthermore, this also holds for projective limits of corestricted bundles over the one-point compactifications of discrete sets.
In the third section, we show that corestricted bundles naturally arise from families of closed subgroups of a pro-c-group. Finally we consider the cohomology of a corestricted free product over the one-point compactification of a discrete set. This yields the number theoretic application we have in mind: Under some conditions there exists a Galois group of a large number field which is a free prop-product of infinity many decomposition groups corestricted by inertia groups.
Bundles and free products
Let c be a class of finite groups closed under taking subgroups, homomorphic images and finite direct products. A pro-c-group is a projective limit of groups in c. In [5] , chap. IV §3, the notion of a bundle of pro-c-groups is introduced. Here we use the notion bundle in a more general context, but we will follow partly the presentation of [5] ; see also [3] . Definition 1.1 Let T be a profinite space, i.e. a topological projective limit of finite discrete spaces. A bundle of pro-c-groups
over T is a group object in the category of totally disconnected Hausdorff spaces over T such that the fibre over every point of T is a pro-c-group, i.e. there are continuous maps pr : G → T (the structure map), m : G × T G → G (the multiplication), e : T → G a section to pr (the unit), ι : G → G (the inversion), such that the fibre G t = pr −1 (t) together with the induced maps m t : G t × G t → G t , ι t : G t → G t and the unit element e t = e(t) is a pro-c-group for every point t ∈ T .
Here G × T G = {(x, y) ∈ G × G|pr(x) = pr(y)} denotes the fibre product of G and G over T , which is a totally disconnected Hausdorff space and has a structure map pr : G × T G → T . Furthermore, the maps m and ι commute with the structure maps.
Of special interest are bundles which are compact, i.e. G is a profinite space. These are the bundles which were considered in [5] , and which we now call compact bundles.
If G is a pro-c-group and T is a profinite space, then we have the (compact) constant bundle (G × T, pr, T ), where pr is the projection G × T → T .
A morphism of bundles
is a pair φ G : G → H, φ T : T → S of continuous maps such that the diagram
commutes and for every t ∈ T the associated map φ t : G t → H φ T (t) is a group homomorphism. We say that (G, pr G , T ) is a subbundle of (H, pr H , S) if T = S, φ T = id and φ t is injective for all t ∈ T . We say that φ is fibrewise surjective if φ is surjective and φ t is surjective for all t ∈ T .
A morphism from a bundle (G, pr, T ) to a pro-c-group G is a continuous map φ : G → G such that the induced maps φ t : G t → G are group homomorphisms for every t ∈ T .
Proof: Let D = * d t∈T G t be the abstract free product of the family of groups (G t ) t∈T and let λ : G → D be the map which is given on every G t as the natural inclusion of G t into D. Then define the free product G = * T G as the completion of D with respect to the topology which is given by the family of normal subgroups N ⊆ D of finite index for which (a) D/N ∈ c, (b) the composition of λ with the natural projection D → D/N is continuous. It is easily verified that G has the required universal property. The uniqueness assertion is clear by the universal property.
For the free pro-c-product of the bundle (G, pr, T ) we often write *
Observe that there are different "free pro-c-products" of a family of pro-c-groups {G t } t∈T depending on the topology on G = .
t∈T (i) There is a canonical isomorphism *
where G i denotes the bundle pr
(ii) The canonical homomorphism φ * : * T i G i → * T G, which is induced by the bundle morphism φ : G i → G, has a splitting; in particular, φ * is injective.
Proof: The first assertion follows from the universal property. For the second consider the map ϕ G : G ։ G i which maps G j , j = i, to the unit element of G t 0 for some fixed t 0 ∈ T i and which is the identity on G i , and the map ϕ T : T ։ T i which maps T j , j = i, to t 0 and which is the identity on T i . Then (ϕ G , ϕ T ) is a morphism of bundles which induces a splitting of φ * Corollary 1.5 Let (G, pr, T ) be a bundle, where T = T 0 ∪ . { * } is the one-point compactification of the discrete set T 0 and G * = { * }. If t 0 ∈ T , then the canonical map
has a splitting. In particular, it is injective.
We do not know whether the map ω Gt 0 is injective for bundles over arbitrary profinite spaces (but see remark 5 in section 3).
Compact bundles
First we prove a criterion for subsets of a compact bundle for being open. Lemma 1.6 Let G be a compact bundle of pro-c-groups over a profinite space T . For every t ∈ T let an open subset W t of G t be given. Then the following is equivalent.
Proof: Assume that (i) holds. Let
is open in T by assumption and t 0 ∈ S. Thus V = pr
Now assume that (ii) holds. Then
Since (Y ∩W ) is closed in G, hence compact, pr(Y ∩W ) is a compact subset of T , and so T \pr(Y ∩W ) is open.
Let G be a pro-c-group and let (G t ) t∈T be a family of closed subgroups of G indexed by the points of a profinite space T . We say that (G t ) t∈T is a continuous family, if and only if for every open neighborhood V of the identity of G the set
The following proposition shows that the concepts of compact bundles and continuous families coincide.
equipped with the induced topology of the constant bundle (G × T, pr, T ) is a compact bundle over T .
(ii) If H is a compact bundle, then H is the bundle associated to the family (H t ) t∈T of pro-c-groups given by the fibres of H, where each fibre is considered as closed subgroup of * T H.
Proof: For the first assertion see [5] (4.3.3). In order to prove the second, we first remark that a fibre H t is a closed subgroup of the free pro-c-product * T H,
Now it is easy to see that the family (H t ) t∈T is continuous: Let W be an open neighborhood of the unit of * T H. Then, using lemma (1.6), the set
Bundles with operators
Definition 1.8 Let G be a pro-c-group. A bundle (G, pr, T ) of pro-c-groups is called G-bundle if G acts continuously on G, i.e. there is a commutative diagram
of continuous maps such that (i) for all σ ∈ G the map G → G, x → σx, is a morphism of bundles, (ii) (στ )(x) = σ(τ (x)) and ex = x for all σ, τ ∈ G and all x ∈ G. Definition 1.9 Let (G, pr, T ) and (H, pr, S) be G-bundles of pro-c-groups and let φ : G → H be a morphism of bundles. Then φ is called G-invariant, if the diagrams
Let (G, pr, T ) be a G-bundle and let σ ∈ G. Then
Furthermore, the homeomorphism σ : G −→ ∼ G induces an automorphism
of pro-c-groups, i.e. * T G is a pro-c-G operator group, see [5] If U is an open subgroup of * T G, thenŨ := σ∈G σU is a G-invariant subgroup of * T G. We will show thatŨ is open. Since σe = e ∈ U, there exist open neighborhoods V σ and W σ of e ∈ U and σ ∈ G, respectively, such that W σ V σ ⊆ U. Since σ W σ = G and G is compact, we find a finite covering 
Projective limits of bundles
Let I be a directed set and let {G i , T i , φ ij } I be a projective system of bundles of pro-c-groups with transition morphisms
A bundle (G, pr, T ) of pro-c-groups together with morphisms of bundles φ i : G → G i compatible with φ ij is called projective limit of {G i , T i , φ ij } I , if it satisfies the usual universal property. The projective limit exists and is unique up to isomorphism and we write (G, pr, T ) = lim
Indeed, the uniqueness follows from the universal property and for the existence we consider the Cartesian productG := i∈I G i which, being endowed with the product topology, is a bundle over T = lim ←− T i . Then the subbundle
satisfies the universal property of the projective limit and its fibres are given by
T i . Clearly, the transition morphisms φ ij give rise to ho-
is an isomorphism, i.e. whether free products commute with projective limits. This holds if the bundles G i and hence G are compact, see [5] (4.3.6). Unfortunately, the argument cannot be carried over to arbitrary bundles. However, under additional conditions for the maps G → G i , we can prove the following criterion: Proposition 1.10 Let G be a pro-c-group and let {G i , T i , φ ij } I be a projective system of G-bundles of pro-c-groups with G-invariant transition maps φ ij . Then the bundle G = lim
T i . Assume further that the following holds:
the abstract free product of the family of groups G t and
Using (i), we see that the canonical maps 
is open and closed in G and invariant under any open subgroup of G acting trivially on the finite group D/N. Furthermore, since φ i is surjective, 
Remark: In section 2 we will work with projective limits which are formed in the subcategory of corestricted bundles. As a set, the projective limit G = lim
however it has to be endowed with a topology which is finer than the product topology. It is important to remark that (1.10) remains valid as long as the projections G → G i are continuous and condition (ii) holds with respect to this finer topology.
Corestricted bundles and their free products
Now we introduce the notion of a corestricted bundle of pro-c-groups with respect to a compact bundle U of pro-c-groups. Definition 2.1 Let (G, pr G , T ) be a bundle of pro-c-groups. We say that G is corestricted with respect to a compact bundle (U, pr U , T ) over T if there exists an injective morphism of bundles φ : U ֒→ G over T , i.e. the diagram
commutes, and G is equipped with the final topology with respect to the family of inclusions {φ : U ֒→ G, G t ֒→ G, t ∈ T }. We denote the bundle G by (G, U) if it is corestricted with respect to U.
The corestricted free pro-c-product of the corestricted bundle (G, U) is the free pro-c-product * T (G, U), and we write * t∈T
Remarks: 1. The topology on G t induced by the topology of (G, U) is the pro-c topology of
is closed in G t 0 and so in G since every fiber of G is closed. It follows that V = .
If T is the one-point compactification of a discrete set T 0 , then the definition of the corestricted free pro-c-product of the corestricted bundle (G, U) over the profinite space T coincides with that given in [4] §2. If T is finite, then (G, U) is a compact bundle independent of U. 3. We have two extreme cases. If U t = G t for all t ∈ T , then (G, U) is the equal to the compact bundle U. If U t = {1} for all t ∈ T , i.e. U is the trivial bundle 1 , then the topology of (G, 1 ) is given by the sets V ⊆ G such that
of the corestricted bundle (G, 1 ) is sometimes called the unrestricted free pro-cproduct of G.
Definition 2.2 Let T, S be profinite spaces and (G, U), (H, V) be corestricted bundles of pro-c-groups over T and S, respectively. A morphism of bundles
As a special case of morphisms of corestricted bundle, we consider morphisms (G, U ′ ) → (G, U) where U ′ ⊆ U are compact subbundles. In this situation, we have the following Proposition 2.3 Let (G, U) and (G, U ′ ) be corestricted bundles of pro-c-groups with respect to compact subbundles U and U ′ , respectively, with continuous inclusion U ′ ⊆ U. Then the morphism of corestricted bundles id :
and there is an isomorphism
Here N runs through the open normal subgroups of * T (G, U ′ ) such that for every a ∈ * T (G, U ′ ) the preimage of aN under the map
Proof: This follows directly from the universal property of the free product. In fact, * T (G, U) satisfies the property of the completion of * T (G, U ′ ) with respect to the family of open normal subgroups N satisfying (i) and (ii).
Hence the homomorphism * T (G,
In particular, it follows that any corestricted free product can be recovered from the unrestricted free product * T (G, 1 ).
Quotients of corestricted bundles
Let (G, U) be a corestricted bundle of pro-c-groups and let V be a closed subbundle of G such that V t is a normal subgroup of G t for all t ∈ T . Set V := V ∩ U and letŨ := .
t∈T U t /V t be endowed with the quotient topology with respect to the canonical surjection U ։Ũ. ThenŨ is a compact bundle over T and we define the quotient bundle (G,Ũ) := (G/V, U/V) of (G, U) with respect to V as the set (G,Ũ) = .
t∈T G t /V t endowed with the final topology with respect to the inclusions G t /V t ֒→ (G,Ũ), t ∈ T , andŨ ֒→ (G,Ũ). Thus (G,Ũ) is a corestricted bundle of pro-c-groups and there is a canonical surjective morphism of corestricted bundles
which induces a surjection *
Indeed, φ is continuous: LetṼ be open in (G,Ũ), and soṼ ∩Ũ is open inŨ . Then the equality φ
With an analogous argument for the fibres it follows that φ
Remark: Let (G, U) be a corestricted bundle of pro-c-groups such that U t is a normal subgroup of G t for all t ∈ T . Then the topology of the quotient bundle (G/U, 1 ), where 1 is the compact unit bundle .
t∈T {1 t }, can be described as follows: 
The last statement is equivalent to (i), and since
t∈T (V ) U t the first statement is equivalent to the assertion that T (V ) is open in T .
Of particular interest are quotient bundles which occur when passing toccompletions, wherec is a class of finite groups which is closed under taking subgroups, homomorphic images and finite direct products and contained in the class c. If G is a pro-c-group, then G(c) denotes its maximal pro-c factor group. Proposition 2.4 Let (G, U) be a corestricted bundle of pro-c-groups over T . Assume that either G = U is a compact bundle or T = T 0 ∪ { * } is the one-point compactification of a discrete set T 0 (and G * = U * = { * }). Then, with the notion as above, we have a surjective morphism of corestricted bundles
This morphism induces an isomorphism *
where * denotes the free product the category of pro-c-groups.
Proof: Denote by V t the kernel of the homomorphism ρ t : G t →G t , t ∈ T . Once we have shown that V := .
t∈T V t is a closed subbundle of (G, U), we proceed as follows:
The bundle U ∩ V is closed in (G, U) and therefore (G,Ũ) = (G/V, U/(V ∩ U)) is the quotient bundle of (G, U) with respect to V and the canonical surjection φ : (G, U) ։ (G,Ũ) is a morphism of corestricted bundles. Furthermore, φ induces a surjection
On the other hand, the morphism ϕ : (G, U)
We will show thatφ is continuous. Let W be open in * T (G, U) (c) and let
, and so V ∩ U is open in U. SinceŨ has the quotient topology with respect to the surjection U ։Ũ , the equality
|U (Ṽ ∩Ũ), shows thatṼ ∩Ũ is open inŨ. Using an analogous argument for the intersection ofṼ with a fibre, it follows thatṼ is open in (G,Ũ).
Thus we get a homomorphism * T (G,Ũ) → * T (G, U) (c) which is inverse to φ * . Now we will show that under our assumptions V is a closed subbundle.
If G = U is a compact bundle, then G is projective limit of finite bundles G λ , see [5] (4.3.10). SinceG λ is obviously a (compact) bundle of pro-c-groups, it follows thatG = lim ←− λG λ is a compact bundle of pro-c-groups and V is a closed subbundle of G.
If T = T 0 ∪ { * } is the one-point compactification of a discrete set T 0 , then the fibres U t , t ∈ T 0 , are open in U. Thus the set .
t∈T V t is closed.
If a is the class of finite abelian groups, then the free pro-a-product and the free pro-(c ∩ a)-product of abelian pro-c-groups coincide. Thus we obtain the following Corollary 2.5 Let (G, U) be a corestricted bundle of pro-c-groups over T , where is the one-point compactification of a discrete set T 0 and G * = U * = { * }. Then there is a canonical isomorphism *
and * denotes the free product in the category of pro-abelian-groups.
Projective limits of corestricted bundles
is a projective system of corestricted bundles of pro-cgroups, i.e. the transition morphisms φ ij are morphisms of corestricted bundles, then the projective limit of this system as defined in section 1 need not to be a corestricted bundle. The reason is that the topology on the limit is too coarse. Nevertheless, the category of corestricted bundles is closed under projective limits: We endow the Cartesian productG = i∈I G i with the final topology with respect to the inclusions i∈I G i,t i ֒→G for any (t i ) ∈ T i andŨ ֒→G wherẽ U := i∈I U i is endowed with the product topology. ThenG is a corestricted bundle with respect to the compact subbundleŨ. Furthermore,
is a corestricted bundle with respect to the compact subbundle
satisfies the universal property of the projective limit. We write
Theorem 2.6 Let G be a pro-c-group and let {(G i , U i ), T i , φ ij } I be a projective system of corestricted G-bundles of pro-c-groups with G-invariant transition maps φ ij . Then the corestricted bundle
T i is a G-bundle. Assume that (i) the action of G on each T i factors through some finite quotient of G, (ii) the transition maps φ ij are surjective strict morphisms and (iii) the maps
Using the following lemma, the above result follows from (1.10). Note that (1.10) holds with respect to the topology on the corestricted projective limit bundle (G, U), cf. the remark at the end of section 1.
Lemma 2.7 Let G be a pro-c-group acting on the corestricted bundles (G, U) and (H, V) of pro-c groups over profinite spaces T and S, respectively. Assume that the action of G on S factors through a finite factor group G/N. Let
be a G-transitive, surjective, strict morphism. Then the following holds.
(i) Every fibre H s , s ∈ S, is a finite union of images φ(G t ) of fibres of G.
(ii) Let W be a closed subset of (G, U) which is invariant under an open subgroup
It follows that
where R is a (finite) system of representatives of G/(N ∩ M) in G. In particular,
Since for any t ∈ φ −1 T (s) the surjective homomorphism of pro-c-groups G t − ։ H s is closed, we see that φ(W ) ∩ H s is closed in H s . Furthermore, since φ is strict, we have
and φ |U : U → V is a surjection. Since U and V are compact, φ |U is closed. It follows that φ(W ) ∩ V is closed in V. Thus φ(W ) is a closed subset of (H, V).
Corestricted bundles over a one-point compactification of a discrete set
Let T = T 0 ∪ . { * } be the one-point compactification of a discrete set T 0 . Let (G t ) t∈T 0 be a family of pro-c-groups indexed by the elements of the discrete set T 0 . Consider the set G := .
t∈T 0
where { * } is the group with one element, equipped with the following topology: G t ⊆ G (together with its profinite topology) is open in G for all t, and for every open neighborhood V ⊆ T of * ∈ T , let .
be an open neighborhood of * ∈ G. Then (G, pr, T ), where pr is the continuous map pr :
is a compact bundle of pro-c-groups.
Now we consider the topology of a corestricted bundle over T . Let
be a corestricted bundle of pro-c-groups over T with respect to the compact subbundle U. Then a subset V of (G, U) is open if and only if the following holds:
Indeed, assume V is open in (G, U), and so (ii) holds, and
Since U is compact, and so U\W is compact, it follows that T \S is compact, hence S is open in T . If * ∈ V , then S contains * , thus T \S is finite, i.e. (i) holds. Conversely, assume that (i) and (ii) holds. If * ∈ V , then T \S is finite. It follows that W = U\ .
We will prove that under certain conditions a fibrewise surjective strict morphism φ : (G, U) →(H, V) of corestricted bundles is open, where (H, V) is a corestricted bundle over the one-point compactification of a discrete set. We need the following Lemma 2.8 Let (U, pr U , T ), (V, pr V , S) be compact bundles of pro-c-groups where T is a profinite space and S = S 0 ∪ . { * } is the one-point compactification of the discrete set S 0 such that V * = { * V } is the group with one element. Assume that (i) φ : U → V is a fibrewise surjective morphism, (ii) φ T : T → S is an open map and (iii) #φ −1 ( * V ) = 1, i.e. * V has a unique preimage.
Then φ is open.
Proof: Let W ⊆ U be an open subset, and so W t = W ∩ U t is open in U t for all t ∈ T . Since φ is fibrewise surjective, the homomorphisms φ t :
Hence it follows that for all s ∈ S the set
is open in V s . In order to prove that φ(W ) is open in V, by lemma (1.6) it remains to show that for a closed subset X ⊆ V, the set
is open in S. Again by lemma (1.6), the set
Obviously φ T (T X ) ⊆ S X . Since S = S 0 ∪ . { * } is the one-point compactification of a discrete space, it remains to note that * ∈ φ T (T X ) if * ∈ S X . In fact, this is guaranteed by the assumption #φ −1 ( * V ) = 1.
We are now able to prove the following Proposition 2.9 Let (G, U) be a corestricted bundle of pro-c-groups over a profinite space T and (H, V) be a corestricted bundle over S where S = S 0 ∪ . { * } is the one-point compactification of the discrete set S 0 such that H * = { * H } is the group with one element. Let
be a fibrewise surjective strict morphism of corestricted bundles such that (i) φ T : T → S is an open map and (ii) #φ −1 ( * H ) = 1, i.e. * H has a unique preimage.
Since φ is fibrewise surjective, the homomorphisms φ t : G t − ։ H φ T (t) are open and hence for all s ∈ S the set
is open in H s . It remains to show that φ(W ) ∩ V is open in V. Note that since φ is strict and surjective, we have with open and closed subsets V j ⊆ S j such that V j = S j for all j / ∈ I 0 , where I 0 is a finite non-empty subset of I. For any i ∈ I we define a subseteq W i ⊆ S i as follows: Let k ∈ I such that k ≥ i and k ≥ j for all j ∈ I 0 and set
Since I is directed, it follows that W i is independent from the choice of k. Assuming that ρ ij is open for all i ≥ j, W i is an open and closed subset of S i . We claim that W i = ρ i (V ∩ S). It is easy to see that ρ ij maps W i surjectively onto W j for all i ≥ j. Let W = lim ←− j∈I W j and denote byρ i the canonical surjection
Conversely, let x = (x j ) I ∈ V ∩ S and let k ∈ I such that k ≥ i and k ≥ j for all j ∈ I 0 . Then ρ ki (x k ) = x i and ρ kj (x k ) = x j ∈ V j for all j ∈ I 0 , i.e. x k ∈ j∈I 0 ρ −1 kj (V j ). Therefore ρ i (x) = x i ∈ W i which finishes the proof. Theorem 2.11 Let {(G i , U i ), T i , φ i,j } I be a projective system of corestricted bundles of pro-c-groups, where
as defined in section 2.2. Assume that the following holds.
(i) The morphisms φ ij are fibrewise surjective and strict.
(ii) For all i ≥ j the transition maps satisfy φ
Proof: Using (2.9) and (2.10), we see that the canonical maps φ i : G ։ (G i , U i ) are open. Now (1.10) (with G = 1) and its following remark give the desired result.
In proposition (2.3) we have seen that every corestricted free product * T (G, U) can be written as the completion of the unrestricted free product * T (G, 1 ). In the case where T is the one-point compactification of a discrete set T 0 , we will show that * T (G, U) can also be obtained in a different way as projective limit involving unrestricted free products of quotient bundles with fibres G t /U t .
Assume that U t is a normal subgroup of G t for all t ∈ T . If S is a finite subset of T 0 , then U S denotes the compact subbundle .
t∈T \S U t of U. According to (2.1), we have a canonical (open) surjection of bundles
where as sets
It follows that we obtain an isomorphism of bundles
where S runs trough the finite subsets of T 0 . Thus we get the following proposition, see also [4] Satz (2.2):
Proposition 2.12 Let T = T 0 ∪ . { * } be the one-point compactification of a discrete set T 0 and let (G, U) be a corestricted bundle of pro-c-groups over T . Let
Proof: If S 1 ⊆ S 2 are finite subsets of T 0 , then the morphism of bundles
is fibrewise surjective and φ S : (G, U) ։ (G/U S , 1 ) is open. Using (1.10) (with G = 1), we obtain the desired result.
Corestricted free products of families
Let G be a pro-c-group and let (G t ) t∈T and (U t ) t∈T be families of closed subgroups of G indexed by the points of a profinite space T , where U t is a closed subgroup of G t for every t ∈ T . Assume that (U t ) t∈T is a continuous family, i.e.
and let pr G be the restriction to G of the projection G × T ։ T . Let G be equipped with the following topology: a set V ⊆ G is open if and only if
(We identify the fiber G t = (G t , t) with G t .) Observe that this topology on G is finer than the topology which is induced by the topology of the constant (compact) bundle (G × T, pr, T ). We define the maps m, ι, e by restricting the corresponding maps from the constant bundle to G. 
Assume that x ∈ G t \U t and let N t be an open normal subgroup of G t such that xN t ⊆ V t = V ∩ G t . We may assume that N t is small enough such that xN t ∩ U t = ∅. It follows that the set Proof: Since U 0 = i∈I H i , where H i is an open subgroup of G for every i ∈ I, we have G\V ⊆ i∈I (G\gH i ). Since G\V is closed in G, hence compact, and the sets G\gH i are open (H i is open and closed), we get G\V ⊆ n i=1 (G\gH i ), and so
H i has the desired properties.
Theorem 3.3
With the notation as above, the space G = (G, U) is a corestricted bundle of pro-c-groups over T with respect to U, and we have continuous inclusions U
Proof: Since the injective map (G, U) φ ֒→ G × T is continuous and G × T is a totally disconnected Hausdorff space, the same is true for the space (G, U).
Obviously, the map pr
G (S)∩ G t is empty or equal to G t for all t ∈ T and pr
In particular, it follows that a fiber G t is closed in (G, U) and that the topology on G t induced by the topology of G is the pro-c topology of G t . Now we prove that the multiplication m :
t∈T V t ⊆ G be an open neighborhood of m(a, b) = ab. We consider the following two cases.
1. Let a / ∈ U t 0 or b / ∈ U t 0 . Assume that a / ∈ U t 0 and let N t 0 be an open normal subgroup of G t 0 such that abN t 0 ⊆ V t 0 . We may assume that N t 0 is small enough such that aN t 0 ∩ U t 0 = ∅. It follows that the set
2. Let a, b ∈ U t 0 . Using lemma (3.1), we replace V by (abN ×S) ∩V , where N is an open normal subgroup of G and S an open subset of T , i.e. we may assume that
Then W a and W b are open neighborhoods of a and b in U, respectively, and
For every t ∈ S a resp. t ∈ S b there are elements n t ∈ N resp. m t ∈ N such that an t ∈ U t and bm t ∈ U t and
Let t ∈ S a ∩ S b . Using lemma (3.2) and
there exists an open subgroup H t of G t such that
We show that the sets V a and V b are open in (G, U). Obviously we have condition (ii). Furthermore,
In order to prove that the inversion map ι : G → G is continuous, let a
Finally, since the unit e is equal to the composition T e U −→ U ֒→ G, the map e is continuous.
The continuous map φ induces a homomorphism
Definition 3.4 Let (G t ) t∈T and (U t ) t∈T be families of closed subgroups of a proc-group G indexed by the points of a profinite space T . Assume that (U t ) t∈T is a continuous family and U t is a closed subgroup of G t for every t ∈ T . Let (G, U) be the corestricted bundle which is associated to these families.
We say that the pro-c-group G is the corestricted free pro-c-product of the family (G t ) t∈T with respect to the continuous family (U t ) t∈T of closed subgroups of G if φ * is an isomorphism. We write
Remarks: We consider the situation given in definition (3.4).
1. If (G, U) is a corestricted bundle of pro-c-groups over the one-point compactification T is of a discrete set T 0 . Then it can be considered as a corestricted bundle associated to the families (G t ) t∈T and (U t ) t∈T of closed subgroups of the pro-c-group G = * T (G, U), see corollary (1.5); indeed, since the bundle U is compact, the family (U t ) t∈T is continuous, see (1.7)(ii).
2. For all t ∈ T , let U ′ t ⊆ U t be a closed subgroup such that (U ′ t ) t∈T is a continuous family. If U ′ denotes the compact bundle associated to the family (U ′ t ) t∈T , then we have a canonical surjection * T (G,
is an injective group homomorphism. This follows from the fact that the composition A t | a t ∈ B t for almost all t ∈ T 0 be the restricted product over a discrete set T 0 of abelian locally compact groups A t with respect to closed subgroups B t . The topology is given by the subgroups V such that (i) V ∩ A t is open in A t for all t ∈ T 0 , (ii) V ⊇ B t for almost all t ∈ T 0 . Then we call (A t , B t ) has dense image.
Abelianization of corestricted free products
We define the discretization of t∈T 0 (A t , B t ) by 
Cohomology of corestricted free products
Now we consider the cohomology of a corestricted free pro-c-product
of a family (G t ) t∈T with respect to a continuous family (U t ) t∈T of closed subgroups of a pro-c-groupG in the case where T = T 0 ∪ . { * } is the one-point compactification of a discrete set T 0 . ByŨ t we denote the normal closure of U t in G t .
Lemma 4.1 With the above notation (Ũ t ) t∈T is a continuous family. Furthermore, if G = .
t∈T 0 G t ∪ . { * }, U = .
t∈T 0 U t ∪ . { * } andŨ = .
t∈T 0Ũ t ∪ . { * }, then the (continuous) morphism of bundles id : (G, U) → (G,Ũ) induces an isomorphism of pro-c-groups * t∈T (G t , U t ) −→ ∼ * t∈T (G t ,Ũ t ).
Proof: Let V be an open neighborhood of the identity inG. Then V contains a normal subgroup N ofG. Since {U t } t∈T is a continuous family, the set T (N) = {t ∈ T | U t ⊆ N} = {t ∈ T |Ũ t ⊆ N} is an open subset of T containing { * }. Since T is the one-point compactification of the discrete set T 0 , it follows that also the set T (V ) = {t ∈ T |Ũ t ⊆ V } containing T (N) is open in T . Hence, the family (Ũ t ) t∈T is also continuous and we have the continuous (not necessarily open) morphism of bundles id : (G, U) → (G,Ũ). In order to show that the corresponding corestricted free products coincide, it remains to show that any morphism (G, U) → H, where H is a finite c-group, is continuous with respect to the topology of (G,Ũ). However, this is a direct consequence of remark 2 following definition (3.4).
Let A be a discrete * t∈T ( Then the Galois group G(k(p)|k T ) is the corestricted free pro-p-product of the family (G P (k)) P∈T with respect to the continuous family (I P (k)) P∈T , i.e. the canonical map * P∈T (G P (k),
is an isomorphism. Here T = lim ←− KT K is the projective limit of the one-point compactificationsT K of the discrete sets T K of all prolongations of T to K and K runs through all finite Galois extensions inside k T |k.
This follows from (4.3) and the results of [7] : (2.4), (2.5), (2.2).
